Let the numbers ( ) , , P r n k be defined by ( )
From these identities, we deduce some identities involving binomial coefficients, Harmonic numbers and the Euler sum identities. Furthermore, we obtain the asymptotic values of some summations associated with the numbers ( )
Introduction and Preliminaries
Let r Y be the exponential complete Bell polynomials and In [1] , Zave established the following series expansion: Spiess [2] introduced the numbers ( ) , , 0 P r n k = for n r k < + ; then Equation (1.1) is equivalent to ( )
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The paper is organized as follows. In Section 2, we obtain some for ( ) , , P r n k and binomial coefficients by means of the Riordan arrays. In Section 3, we establish some identities involving the numbers ( ) 
It defines an infinite lower triangular array ( )
is an Riordan array and ( ) f t is the generating function of the sequence { }
Based on the generating function (1), we obtain the next Riordan arrays, to which we pay particular attention in the present paper:
Lemma 1 (see [5] ) Let α be a real number and ( )
Identities Involving the Numbers ( )
, , P r n k and Binomial Coefficients
Proof. By (1), we have ( )
Comparing the coefficients of n t on both sides of (5), we completes the proof of Theorem 1.
Recall that ( ) 0, , 1 P n k = Thus, setting 0,1, 2 r = in Theorem 1 gives the next three identities, respectively.
Proof. To obtain the result, make use of the Theorem 1.
Proof. Applying the summation property (2) to the Riordan arrays (3), we have ( )
which is just the desired result. Setting m n = in Theorem 3 gives the next Corollary. 
Proof. which is just the desired result. Setting m n = in Theorem 4 gives the next Corollary. 
where ( ) , s n h are the Stirling numbers of the first kind. Proof. By (1) and (2), we have ( ) 
which is just the desired result. Setting m n = in Theorem 5 gives the next Corollary.
in Theorem 6 gives the next Corollary. 
Identities Involving ( )

, , P r n k and Inverse of Binomial Coefficients
For identities involving Harmonic numbers and inverse of binomial coefficients
in given in [6] .
In Section, we obtain some for ( ) , , P r n k and binomial coefficients by means of the Riordan arrays. From these identities, we deduce some identities involving binomial coefficients, Harmonic numbers and identities related to ( )
In [7] , the inverse of a binomial coefficient is related to an integral, as follows ( ) ( )
From the generating function of ( ) , , P r n k and (10), we have Theorem 6. For 0 r ≥ be any integer, then
Proof. From (1) and (10), we obtain ( ) ( 
( ) 
Similarly, we obtain summation formulas related ( ) 
Similarly, for completeness we supply a proof: 
By (28) 
